CALCULUS - UNITS 6-9 - QUICK REFERENCE

CALCULUS 2

Integration techniques and tables, improper integrals, area, volume, arc length, surface area, work and center of mass, sequences and series with
every convergence test, power and Taylor series, parametric and polar curves, and differential equations.

n Toolkit n By parts a Trig integrals n Trig substitution B Partial fractions n Numerical n Improper u Area & volume
a Length, work, mass m Sequences m Series m Convergence tests m Alternating m Power series B Taylor series m Parametric
m Vectors & motion m Polar m Diff. equations m Slips & practice

0 INTEGRATION TOOLKIT basics: Calculu

Integral table (a > 0; add + C)

f f(x) dx =F(x)+C f f(x) dx =F(x)+C { f(x) dx =F(x)+C ‘

n+1

X" (n#-1) X tan x In|secx| 1orctan X
n+1 aZ+x? a a
1 In|x| cot x In|sin x| 1 o 5%
= arcsin =
X V@z-x3) a
X. 4X X
e5a e 2 secx In|sec x + tan x| 21 . 1 oresec [ x|
Ina xV(x*-a?) a a
Sin X; oS x —COS X; Sin X €scx ~In|csc x + cot x| 1 iln|a+x|
a’-x? 2a a-x
sec? x; csc? x tan x; —cot x sinx X _sin2x 1 In|x +V(x* + a%)|
2 4 V(x* +a?)
sec x tan x secx cos? x X, sin2x V(@*-x?) XJ(@2-x?) + 2 aresin X
2 4 2 2 a
csc x cot x -CSC X tan? x tan x - x [n x; x e

eax
xIn x—x;?(ax—l)

Choosing a technique

If you see... Try If you see... Try ‘

a function times its derivative u-substitution a rational function P(x)/Q(x) partial fractions (§5)
x € xsin x, ln x, arctan x by parts (§2) x*+ bx + ¢ that won’t factor complete the square
powers of sin, cos, tan, sec trig integrals (§3) no antiderivative, or only data numerical rules (§6)
V(@?-x?), V(a2 +x3), V(x* - a?) trig substitution (§4) an infinite limit or a blow-up improper integral (§7)

u-substitution, changing the WORKED Recognize a table form WORKED Complete the square WORKED

limits X2+4x+13=(x+2)2+9
2, (y2 3 Ay 11 = %2 -
fo?x(®+1)* dx:u=x*+1, du=2xdx dx L orctan X2 ¢ a

x=0>u=1;x=2>u=5 new limits =Ilﬂ;=arctan(e")+c x+27+9 " 3 3
+

Lis3qu=225-1)=
211 uddu 8(625 1)=78

eX
Imﬁdx:u=e",du=exdx

1l
W

no back-substitution

\ J

e INTEGRATION BY PARTS the product rule run backward

Integration by parts
Definite: Jab udv= [uv]ab - Iab v du. Pick u so flnxdx:u=Ilnx,v=x
du is simpler; dv must be easy to integrate.

Sign  uandits dv and its integrals

derivatives

:xlnx—Ix~%dx:xlnx—x+C

+ X sin x
fudv=uv-{fvdu . — ~
farctan xdx =x arctan x - 5 In(1+x*) + C X EOSIX
. + 2 -sin x
. same idea
LIATE (Traditional) L ) 0 oS X
Choose u from the first type present: Cyclic: the integral comes back WORKED Multiply down the diagonals with alternating signs:
Logarithmic, Inverse trig, Algebraic, . . -x? cos X + 2x sin x +2 cos x + C. Use it when u
Trigonometric, Exponential. The rest is dv. I = esinx dx=e*sin x - [ e* cos x dx differentiates to 0.
parts once

Definite WORKED

T, | = € sinx—e*cos x| parts again
One round WORKED Xl e e
e(smx—cosx)_'_C [ nxdx=[xnx-x],

fxe*dx:u=x,dv=e*dx>du=dx,v=e* 21=€(sinx-cosx) > 1= 2 =(e-e)-(0-1)=1

=xe*-[e*dx=e*x-1)+C solve for |

N\ J
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CALCULLUS 2 Calculus - Units 6-9 - continued

e TRIGONOMETRIC INTEGRALS identities first, then a substitution
Identities you need Sine-cosine powers Tangent-secant powers
Pythagorean  sin’x+cos’x=1;1+tan’x= fsin™x cos"x  Strategy ftan™x sec"x  Strategy

sec?x; 1+ cot?x=csc?x dx dx
Half-angle sin?x= M; cos2 x = m odd save one sin x; rest to cos with n even save sec? x; rest to tan with sec?

2 sin?=1-cos? u=cos x =1+tan%u=tanx

1+ cos 2x - -

- n odd save one cos x; rest to sin; u=sin m odd save sec x tan x; rest to sec; u =
Double angle  sin 2x=2sin x cos x K S

both even half-angle formulas, repeated| otherwise identities, or the sec® x result
Product to sum sin A cos B:l[sin(A—B)+sin(A £ P y below
N 2 Different angles: product to sum, e.g. [ sin 3x cos x dx
+B
=-L0S2X _ cosdx , o Isec3xdx:i(secxtan x +In|sec x + tan x|) + C (by

4 8 2

0dd sine power WORKED

parts).

Even secant power WORKED

{sin®x cos?x dx = [ (1 - cos®x) cosx sin x dx

Even powers WORKED

{ tan?x sec*x dx = | tanx(1 + tan?x) sec?x dx

u=cosx
= . 1-cos 2x half-angle
(24 4 €OS’X | €os’X ustanx | | g mnginzy gy = | T LTCOS2X 4 g
= I(U u )dU—— 3 + 5 +C _tan3x+tansx+c 0 0 2
B 5 S[X SN2 n_ T
2 4 0 2
\ J
o TRIGONOMETRIC SUBSTITUTION square roots to trig
The three cases
Expression Substitute Identity used dx ‘
V(@ -x?) x=asing -T<g< L 1-sin’0 = cos’® acos 6d6
2772
V(@ +x?) =g 0, =B @) 2 X 1+tan’0 =sec’ asec’d do
b2 2
J(x2-a?) sec’0 - 1=tan%0 asecBtan6dd

x:asec9,050<%(xza)

x=asin@ x=atan x=asec® Sine case WORKED Tangent case WORKED

dx . 2 dx 2 x=2tan9
:x=3sinB,dx=3cos6d6,/(9- =[In(x+V(x*+4
a V(az+x?) X . I X9 - X% X ! X v IO (x*+4) [InGc+ix Mo
x X VX | x2)=3cos 0 =In(2+2v2) - In2=n(1 +v2) = 0.8814
9 9 9 L
Yt =%Icsc26d6=—%cote+c -
(a%x) 2 2 s ) , Area of a circle, proved WORKED
. ) ) _VO-x) . _J(9-x?) triangle
Draw the triangle to switch back to x: label the sides cot= > +C _ ro 2 _ o2 v =i
o S X 9x A=2f_"V(r*-x*) dx;x=rsin®
from the substitution, then read off any trig ratio. ~ {_ )., w22 — -
=2r%)_ ;" cos?0 df =mr r=3gives 9n

\ J

o PARTIAL FRACTIONS split into simple pieces

~
-

Steps
e If deg(top) = deg(bottom), long-divide first. | JEECEIELE Terms to write 1 _1.1. .1
e Factor the bottom completely. EEEE =1~ x X x-1
e Write one term per factor (table). (x-a) é f=-ln|x| +i+ln|x— 1|+cC
e Solve for the constants: cover-up for % — L X )
distinct linear factors, otherwise match (x=a}, repeated A +_A2_2 tot

X—a X—a M AN e T r~—— —
coefficients. Ac ( ) Irreducible quadratic WORKED

® Integrate each piece: In, power or arctan. (x-a) 2x>+x+4 _1 P X 1 A=4/4=1, then match
) [ x2+bx+c, Bx+C x(x*+4)  x x'+4

Distinct linear: cover-up WORKED irreducible X Hbxtc f=In|x| +1 In(x2+4) +Xarctan X+

- A B 0+ bx+ ) one —2X*C__for eachi< 2 2 2

x4 __ + (*+bx+c) TS ’

X=x-2 x-2 x+1 K
a=52-4 _, o 5(1)-4_, Cover it, plug it

2+1 ’ -1-2 . For a factor (x — a): cover it, plug x = a into the

cover the factor, plug its root rest. The result is its constant.
f=2In[x-2|+3n|x+1|+C
(. h d J
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CALCULUS 2

Calculus - Units 6-9 - continued

Q NUMERICAL INTEGRATION

when antiderivatives fail

The rules
Rule (Ax = b;a,xi=a+iAx) Formula
Midpoint Mn AX[f(m;,) +f(m,
Trapezoid Tn AZX [f(xo) + 2f(x,
Simpson Sn (n even) ﬂ[f(xo) +4f(x,
3

Kj = |f‘”| on [a, b]. Tn = average of the left and right sums; S,n = (2Mn + Tn)/3. Simpson is exact for cubics. Concave up: Mn < exact < Tn.

1 1.5 2
T, for ;> dx/x. The curve is concave up, so each
trapezoid sits above it: T, overestimates.

) + ...+ f(mn)], mi=midpoint of strip i

) +2f(x3) + ... + 2f(xn_y) + f(xn)]

)+ 2f(xy) + 4f(x3) + ... + 4f(xn_;) + f(xn)]

f,2dx/x=1n2=0.693147
n=4 Value Error Bound
T, 0.697024 +0.003877 0.0104
M, 0.691220 -0.001927 0.0052
S, 0.693254 +0.000107 0.00052

[f"]=2/x% <2 =K,; [f] = 24/x° < 24 =K, on [1, 2].

Error bound

Ky(b-a)®
24n?
Ky(b—a)®
12n?
Ky(b-a)®
180n*

Strips for error < 0.0001 WORKED

2
Trapezoid: %«00001_)“ 41 N°>1666.7

Simpson: 182W4' <0.0001>n=8

n*>1333.3, neven

e

o IMPROPER INTEGRALS

o

infinite limits or blow-ups

Region between y =+/x and y = x/2 turned about the
x-axis: each slice is a washer, outer radius R =,
innerr=x/2.

Washer WORKED

Curves meet where Vx=x/2:x=0, 4

2 2_ 2
Ve (k- Xy dx=mie- 28y = B R

Benchmarks
Two types y=1/x
If f blows up at cin [a, b], split at c and use p-integral Converges Value
one-sided limits. Converges if every limit is 1 totalarea=1 When
finite; otherwise diverges. [lwd_:f p>1 Ll
o e b I } . ; X p-
Ia fdx_llmb-wola f dx o1 3 N o ]1dx p<1 _1
An infinitely long region can have finite area: {, x 0 1-p
dx=lim(1-1/b)= . - .
Worked limits WORKED p = 1diverges in both: Il dx/x=lim In b =00, Two-
o e 2 - i
- e 1 Comparison test sided: J__” dx/(1+x?) = (split at 0).
fo" e dx=lim=———= 3 f< g " - g Sttt ‘
| o gs <g Igjcozverges > [f converges; | ! A Hidden blow-up :
=0 iverges > iverges. ! i
fot X = limy,ge (2-2Vt) = P ges=>Jgdiverg : L dx . _ |
\ o Ix t50 ) B3 0<c”<e¥on(L, ), }," e dx=1/e: i. . 7 isnot -2t blows up at x=0and :
converges. : diverges. :
L M e II Y,
0 AREA & VOLUME slice, then add slices
Set-ups (Calculus 1 guide §13 has first examples)
Method Slice Formula Method Slice Formula ‘
Area (vertical) top — bottom A= Iab (top - bottom) dx Washer L axis, with a hole V=mf (R*-r?) dx
Area (horizontal) right - left A= ch (right - left) dy Shell || axis V =21t (radius)(height) dx
Disk L axis, solid V= R? dx Cross sections L the base V={A(x) dx
y=vx radius x Shell WORKED
R :xlz 81
[\ y V=2mf,*x - x(3-x) dx = 2m(27 - 7 =)
r
SRR U i height f(x) :27_“~42.41
ST 4 2
N \ . _45m
B TS S 2 3 About x=-1: rad|u5x+l—>V—T

Region undery =x(3 - x) turned about the y-axis: a
shell has radius x, height f(x), thickness dx.

Horizontal slices WORKED

Betweenx=y?andx=y+2:y?=y+2>y=-1,
2

A= *(y+2-y’)dy=

right - left

N|©

radius from the axis

. J

Square cross sections WORKED

Base between y=xandy =x?on [0, 1]; side x -
XZ

1

V=[t(x-x?)2dx= 30

N\

(.
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CALCULUS 2

Calculus - Units 6-9 - continued

g ARC LENGTH, SURFACE AREA, WORK & MASS

Zoom in and a curve is a hypotenuse: ds = +/(dx? +
dy?) = (1 + (dy/dx)?) dx.

Surface area WORKED

y=vxon [0, 2]: f(1 + (f)?) = V(x + ¥)

s=2mf 2 Vix+ ) dx =23 = 13.61

3
Spring (Hooke: F = kx) WORKED

10 N stretches it 0.2 m > k=50 N/m
W=f>350x dx =2.25J stretch 0.3m

\. J

~

Formulas

Quantity
Arc length

Integral

L={,° V(1 +[f'(x)]?) dx
Surface area S=2mf,° f(x)V(1 + [F()]?) dx
(about the x-axis)

Work (variable
force)

W =[P F(x) dx
Pumping liquid W = [ (weight density)(area of
slice)(distance lifted) dy

F = [ (weight density)(depth)
(width) dy

Hydrostatic force

Mass of a rod m=[°p(x) dx; x= %Iab x p(x)

dx
Cer?tr0|d ofa )—(:%I x(f-g) dx;y:%I%(f?_
region "

g°) dx

more sums of small pieces

Arc length WORKED

y=x"on(0,4]: 1+(f)?= 1+
=8 1. 9%3274_ 8 T
L=+ 27(10\/10 1)=9.073

Cylinder, radius 2 m, height 5 m, full of water
(9,800 N/m?3), pumped over the top
W ={,°9800 - 41 - (5-y) dy = 490,000T ~ 1.54 X
10°J

slice at height y

. J

Rod and centroid WORKED

p=1+xon [0,2]:m:4,moment:%—>)'(=

7
6

Undery=x%0<x<1:A= L

..3 3
3 centroid (T’ E)

,
.

<

Key facts

Converges lim, . an =L (finite);
otherwise diverges
ifan="f(n) and f(x) > L,
then an> L (so L'Hopital
may help)
bn<an<cnand bn, cn>L
>an->L

an increasing sequence
bounded above
converges (likewise
decreasing and bounded
below)
M>0if|r|<1;rM>1ifr=
1; diverges otherwise

Function rule

Squeeze

Monotone & bounded

Geometric

'@ SEQUENCES N

Common limits

ET Limit ET Limit
~ (>0 © nn 0
n n
n/n 1 x 0 (any x)
n!
x I
(l+%)n e % 0

Recursive sequence WORKED

a;=1,an,, =V(2+an): 1,1.732,1.932,1.983, ...
increasing and bounded above by 2, so it
converges

monotone & bounded
limitL=V(2+L)>L2-L-2=0>L=2 L>0

Four quick ones WORKED

3n’-n 3 divide by n’
5n’+2 5
Inn N 1_/x 50 L’Hépital on f(x)
n 1
2 n 2
(1+ n) >e
(-1)™-1,1,-1,... diverges no single limit

. J

Growth ladder
Forlargen:Inn < nP < b" (b>1) < n! K n".
The faster one on the bottom of a fraction
sendsitto 0.

| J
@ INFINITE SERIES limits of partial sums

Partial sums
Sy=a; +a,+...+ay. The series converges to
Sif Sy » S. Changing or dropping finitely many
terms never changes convergence (only the

Geometric series
Diverges if |r| = 1. a =first term, r = ratio of
consecutive terms.

Basics

nth-term test lim an # 0 > the series diverges

(z =2

. 1y g
TYSE terms > ?). If lim an

0 n— a . =0, the test says nothing.
sum). zn=0 ar =— if |I‘| <1 Harmonic series ¢ 1 . ;
o . r XF diverges, though its terms
zn=1 an - lImN_)” SN —)O(SN:ln N)
p-series 1 :
Geometric WORKED o m e Z —pconvergesifp>1,
e @ © © 0 00 . . el _m
5" 3(%),1: first term % r= % . ® ° divergesifp<1;% e
6/5 ° 1.6449 (Euler)
sum=1—-7 =2 Linearity ¥(c an + bn) = cZan + bn when
0272727, =—0:21 __ 3  repeating decimal both converge
: "t 1-0.01 11 —
L ) 1 5 10
Telescoping: X 1/(n(n+1)) =X (1/n-1/(n+1)),s0 S =
1-1/(N+1)~ 1. Bars: terms; dots: partial sums.
\ J
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CALCULUS 2

Calculus - Units 6-9 - continued

@ CONVERGENCE TESTS

which test, and when

k

Test summary
Test Use on Condition
nth-term any series liman#0
Geometric Tar" [rl<1/|r|z1
p-series 3 1/nP p>1/p=s1
Integral an=f(n), f positive, continuous, [, f(x) dx finite / infinite
decreasing
Direct comparison O<an<bn >bn converges / Zan diverges
Limit comparison an, bn>0 liman/bn=c,0<c<c

Alternating series
Ratio

3(-1)"bn, bn>0
factorials, powers like 3"

Root an={(...)"

bn decreasing and bn > 0

L=lim |an+1/an|

L=lim |<’:\n|1/n

Conclusion ‘
diverges (never proves convergence)

converges to % / diverges

converges / diverges
same as the integral; remainder fy,,;” f<Ry < [ f

Yan converges / Zbn diverges

both converge or both diverge

converges; |error| < first omitted term

L <1 converges absolutely; L > 1 diverges; L =1 no

same conclusions as the ratio test

1. liman#0? 2. Geometric or

]l_[

4, Factorials or

information
5. an=f(n), f easy ]

]l{

| no | . | no |
X .A ? .
nth-term test p-series? SRS e nth powers? to integrate?
yes yes yes yes yes
|rf<lorp>1 termsyto0 ratio or root test integral test

Yes > DIVERGES ] [

- converges

> converges (AST)

) J

L<1conv.,L>1div.

same behavior as |f

J )

Still stuck: compare (direct or limit comparison) with a geometric or p-series that looks like it. For any test, check |an| too:
|an| converges = absolutely convergent; Zan converges but Z|an| diverges = conditionally convergent.

Ratio WORKED

Root WORKED

n? an, _(n+1)? 1 2n .. _ 2n 2
23 n 3 73 2ggyp)iroot= gy 23
L < 1: converges converges

A J (. J
Ratio with factorials WORKED Limit comparison WORKED
nl .. _ n 1l n+1 1. ..
ZF. ratlo—(m) 93 ZF:;_F—ZVSZF ratio> 1
converges p=2>1: converges
w3 a_ converges, ratio >0 1 1.
anl oo e’-1 )3 m VS W converges
A J/ .

J

Integral WORKED

oo 1 (b dx _ _
Zn:Z m IZ m—ln(ln b) ln(ln 2)900
u=lnx
diverges

.

N\

MEMORY TRICK

Never Guess; Always Run It Carefully

Test order: Nth-term, Geometric/p,
Alternating, Ratio/root, Integral, Comparison.

J

Alternating series test
Error bound: |S - S| < by,;, and S lies between
consecutive partial sums.

2(-1)"*1 bn converges if bn ¢

andbnh>0
[ ]
| _ __.__.__.__!__.__0__‘__0__.__0._‘__
1 5 10 T

Alternating harmonic series: partial sums zigzag in
toward In 2 = 0.693.

@ ALTERNATING SERIES & ABSOLUTE CONVERGENCE signs that switch

Two kinds of convergence

Absolutely convergent  Z|an| converges (then
Yan converges too)
Yan converges but

3 |an| diverges

Conditionally convergent
Rearrangement a conditionally
convergent series
can be reordered to
sum to any number
(Riemann); absolute
sums never change

Classify WORKED

_1\n+l ey
s LU lri =1n 2: 3 1/n diverges conditional

(-1)™* absolute
n?

b3 : 2 1/n? converges

diverges

s (F1)"n
n

:terms donot> 0
+1

\ J

How many terms? WORKED

_q\n+l
s ()

with error <0.001

needﬁ-<0.001%N+lzll

1/113~0.00075
N =10 terms

,
N\

_ J
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CALCULLUS 2 Calculus - Units 6-9 - continued

@ POWER SERIES a polynomial that never ends

Power series about x = a Building from the geometric series
Converges for [x — a| < R (R = radius), diverges s x=2 o Ix=2] Start Operation  Result (x| <1)
for |x - a| > R; test both endpoints separately n-3" 1 _syn x> -x? 1 5 (-1)" 2"

to get the interval. R may be 0 or . R=3: openinterval (-1, 5) 1-x : 1+
zn=oeo Cn(X _ a)n x=5:% 1/n diverges; x=-1: 3 (-1)"/n cg:;l;;lg:; ﬁ integrate aiclt?‘f)‘(;(n;z
interval [-1, 5) 2n+l
N L ) 1 -5 integrate In(1+x)=%
Term by term (same R) 1+x =)™ X"
e f(x)=Xncn(x-a)"" Quick radii (ratio test) (-1)"x" n
" oot rze e 1o
n+1l X" I 1-x X X (1-x)
e Endpoints may gain or lose convergence: z nr o 11
recheck them. S Al Atx =1, arctan g|vesI:l—§+€—.,. (Gregory-
- zn_xn 4 Leibniz) and In(1 + x) gives lnzzl—% %—
*
Ratio finds R; endpoints finish it
The ratio test gives the radius but never
decides the endpoints: test each one by itself.
\ J

@ TAYLOR & MACLAURIN SERIES matching every derivative at one point

Series to know

Function Maclaurin series Converges for ‘
e~ x2 X3 X" all x
1+x+2—!+¥+...—2n—!
sin x X_ﬁJrﬁ_ -5 (=1)" x> all x
30 5 ST (2n+1)!
oS X DG S o § UG allx
S Ty sy
1 1+x+x2+x3+...=3x" -1<x<1
1-x
In(1+x) x—ﬁ+x—3— :z(—l)"”X” “1<x<1
2 3 n
arctan x X_ﬁ+x_5_ -5 (-1)n x2n+ “1=x<1
3 5 2n+1
(1+x)" Ttkxs Kk=1) o, k(k-1)(k=2) 5, -1<x<1 (binomial)
2! 3!
Taylor series of fabout x =a T T 4 Integrate a series WORKED
1
a = 0: Maclaurin series. Stopping at degree n Ts Kot ! =12+ X_‘: _ X_T x> -x’
gives the Taylor polynomial Tn(x). \ enx .. 2! 3
f(“’(a) \\ Iole‘xzdx:1—l+i—i+L:o.7475
f(x) =Z,20" —— (x—a)" _ X 310 %2 216
n=0 n! LT \ true 0.7468
’ d
N < alternating: error < 1 _~0.00076
T T, 1320
Lagrange error bound ! ’ . %
M = |f™*")| between a and x. For an alternating Higher-degree Taylor polynomials hug sin x over a odd si 3
series, the first omitted term also bounds the wider interval. sine, even cosine
error. Sine: odd powers from x. Cosine: even
M Taylor polynomial and error WORKED powers from 1. Both alternate signs; e* keeps
< __ " — a|n+1 ~1)2 ~1)3 every power, all plus.
|Rn(X)|_ (n+1)! |X al lnxaboutl:T3=(x—1)——(X 21) LS 31) JlE >
In1.1~0.1-0.005 +0.000333 = 0.095333 Limits and identities WORKED
Binomial series WORKED true 0.095310 . /6 + 1
2 3 (4) = 4N g 6(0.1)* _ lim, ., 20X X = fjm =X f6+... 1
\/(1+X)=l+1—x—+x—— k=15 f9=-6/x*,M=6:|R,| = o =0.000025 x>0 3 X3 6
2 8 16 1 Is
tual 0.000023 ~ 5 1 _ error < 3/6! = 0.0042
V1.1=1+0.05-0.00125 = 1.04875 L detua J1€ o0 o7 _2‘716667
true 1.048809 Series show ' = cos 6 +i sin 8 (Euler)

\. J

\ J

~
<
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CALCULUS 2

Calculus - Units 6-9 - continued

@ PARAMETRIC CURVES & MOTION

Formulas
Slope % = 3%: (dx/dt 0)
Second derivative | d’y _ (d/dt)(dy/dx)
dx? dx/dt
Horizontal / vertical | dy/dt=0/dx/dt=0 (not
tangent both)
Arc length L=, BV((dx/dt)? + (dy/dt)?)
dt
Area under the A:]ydx:IuB y(t) X'(t) dt
curve
Surface area (x-axis) | S=2mfy V((dx/dt)*+

(dy/dt)?) dt

~

(1,2)

~/

(1,-2)

x=t2,y=t3-3tfor-2.2<t=<2.2; arrows show
increasing t. The loop closes at (3, 0) (t = %v/3).

xandy fromt

Slopes and tangents WORKED

dy _3t*-3 . . . 9
TSR ;att=2:point (4, 2), slope 2
horizontal at t =+1: (1, -2), (1, 2); vertical at t
=0:(0,0)

2, 2
%3;: 3t4t+3; att:Z:% (concave up)

Cycloid (one arch) WORKED
x=t-sint,y=1-cost,0=st=2m
L=f,""V(2-2cost)dt=8
A=[,"(1-cost)?dt=3m

Roberval (area), Wren (length)

J

-

<

Definitions
(o]TEY11414Y Formula
Position r(t) = (x(t), y(t)); d/dt and [ act on
each component (f adds a
constant vector)
Velocity, v=rja=v'=r"
acceleration
Speed V] =V(x'2+y'?)
Unit tangent T=r'/|r'| (8§16 curve att=2: (4,
9)/¥97)
Displacement Iabvdt=r(b)—r(a)
Distance §.2|v|dt

Circular motion | r=(R cos wt, R sin wt): speed Rw;

|a] = Rw? toward the center

s

@ VECTOR-VALUED FUNCTIONS & MOTION

(20,0)
2047

v(0) = (20, 20) (20,-15.3

40.8
Projectile: r(t) = (20t, 20t - 4.9t%) m. Velocity arrows
(scaled) keep their horizontal part 20 m/s; the
vertical part shrinks, hits 0 at the top, then turns

negative.

81.6

position moving with t

Projectile WORKED

a=(0,-9.8), v(0) =(20, 20) m/s, r(0) = (0, 0)
v =(20, 20 - 9.8t); r =(20t, 20t - 4.9t?)
integrate twice

topatt= % %2.04 s, height~20.4m
vertical v=0
lands att =~ 4.08 s, 81.6 m away y=0

(.

N\

From velocity to position WORKED

Bt
v(t) =(t%, 1), r(0) =(1,2) > r(t) =(1+ 52t ?)
speed att=+/3:/(9+3)=2v3
distance,Osts\/3:It\/(t2+l)dt:% usti+1

. J

.

‘€D POLAR CURVES

Conversions
To rectangular x=rcos8,y=rsin8

To polar r2:x2+y2,tan9:%

Slope

dy _r'sin@+rcosf
dx

r'cosB-rsind

r=1+cos®

Cardioid r=1 + cos 6 with the circle r =1 (dashed);
shaded: inside the cardioid, outside the circle.

Common graphs

Curve Equation Shape
Circle r=a;r=2acos0; | center(0,0); (a,
r=2asin6 0); (0, a)

Cardioid r=a(l+cos0) heart, through
the pole

Limagon r=a+bcos@ inner loop if |a| <
|b]

Rose r=acosnb n petals (n odd),
2n (n even)

Lemniscate | r* = a? cos 20 figure eight

Spiral r=afb Archimedes

Calculus in polar

(o]TEY11414Y Formula

1
Area A= EIaB 2do
Area between A= iIaB (R2-r?) do
2

Arc length L= IQB V(r? + (dr/d8)?) d

radius r at angle 6

Areas WORKED

Whole cardioid: %IOZ" (1+cos0)?do= 37“

! 2 _ o,
Shaded: ?[_m”/ [(1+cosB)>-1]do=2+ 7

curves meet at 9 =+m/2
Cardioid length: [;* V(2 +2 cos 6) d8 =8

N\

Half r squared

A polar region is a fan of thin wedges, each
5r2 d. Integrate between the angles that
bound it.

Slope and conversion WORKED

dy _
ﬁ‘l

r=4sin@->x+y>=4y>x*+(y-2)*=4

circle, radius 2
J

r=1+coseat9=%zr=l,r’=—1e

-

%) SCHOOL
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CALCULUS 2

Calculus - Units 6-9 - continued

@ DIFFERENTIAL EQUATIONS basics: Calculus 1§14

Separable: dy/dx = g(x) h(y) ]
dy

h(y)

® Move y-terms to dy and x-terms to dx:

=g(x) dx.
Integrate both sides; one + C.

Use the initial condition; solve for y if you
can.

VN N N N NN

—_—

2
y' =y, y(0) =1, h=0.5: Euler's polygon (solid) reaches
5.06 at x = 2; the true solution e (dashed) reaches
7.39.

MEMORY TRICK

-

Separate WORKED
dy _

dx

dy
l+y

y =tan(x?)

2x(1+y?),y(0)=0

=2xdx->arctany=x>+C,C=0

for |x| < V(m/2)

Euler's method
Step along the tangent line at the current
point; smaller h means smaller error.

Yniq = Yn+ h« F(Xn, yn)

Euler fory'=x+y,y(0)=1,h=0.1

] Xn Yn slope xn + yn

0 0 1 1
1 0.1 11 1.2
2 0.2 1.22

Truey=2e*-x-1givesy(0.2) = 1.2428.

Logistic numbers WORKED
K=1000,P,=100,k=0.5>A=9

Step from where you stand P(4) = 1000 4c0.9 e l0k=5/7
Use the slope at the point you are standing T1¥%e T T=50°Catt=10- "G - 25 2 min
. . _ -05t_ 7.+ ~ n(5/7) '
on, never the point you are stepping to. P =500 when 9e 1:t=21n9=~4.39
P=K/2
J

Models
Model Equation Solution ‘
Exponential | dy _ ky y =yoekt
growth/decay | dt
Newton’s T r-Tg | T=Ts*(To-
cooling dt To)e ™
Logistic d—P=kP(1—£) p=__ K A=
dt K 1+Ae ™
K-Pq
Po
1000 T
1L

fastest growth

]

4.39 10
Logistic P = 1000/(1 + 9e %%Y): steepest at P = K/2,

leveling off at K.

Cooling WORKED

Coffee: 90 °C > 70 °Cin 10 min, room 20 °C

‘€D COMMON SLIPS & PRACTICE "

Twelve problems (answers checked by the build)

changing variables but keeping the old limits
missing a blow-up inside [a, b]

“lim an=0, so Zan converges”

skipping the endpoints

partial fractions on an improper fraction
polar area without the 2 or with the wrong 6-limits

ratio test L = 1 read as “converges”
degrees in a series or derivative

shell radius measured from the y-axis for a different axis

forgetting + C, or the constant vector in motion problems

# Problem Answer # Problem Answer ‘
. n -
1 | [xcosxdx xsinx+cosx+C Radius of 5 n4>é R=4
2 dx 1,.x-3,, 8 | Maclaurin series of x e + 2+x_3+x_“
Ie=s ¢ "hsl*e R T T
3| J"sin®x dx 2 9 | Areainsider=2sin8 n
3
4 o dX 1 10 _2.32 14
f, = Y Lengthofy—gx/,05xs3 3
5 |5 m(_g)n 5 11 | Euler:y'=y-x,y(0)=2,h=0.5, two y(1) = 4.25
n=0 g 7 steps
6 | Doess :3:12 converge? yes 12 | Volume: y=¢* 0 <x <1, about the x-axis nje;— 1) ~10.04
Common slips

convert the limits, or switch back to x
look for zeros of the denominator first
the nth-term test only proves divergence
test each endpoint series separately

long-divide first

A="(r* dO between the right angles

L =1 decides nothing: try another test

radians always

radius = distance to the axis of rotation

add it, then use the initial condition

J
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